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Let L be a lattice in C, and define 
g,(L) = 60 C’X-4 
ACL 
g,(L) = 140 C’X-6 
AEL 
A(L) = g,(L)3 - 27g3(L)2. 
The torus C/L is analytically isomorphic to the complex points of the elliptic 
curve E with equation: 
Y2 = 4x3 - &mx - g,(L) 
and discriminant d(L) via the Weierstrass parametrization: 
z - (x, Y) = @L(z)~pxz)). 
Since the differential w  = dx/y on E pulls back to dz on @, we can recover L 
as the lattice of integral periods of w. 
Now suppose E has complex multiplication by an order in the imaginary 
quadratic field k = Q(z/--IV); the rational period lattice of w  is then a one- 
dimensional vector space over k. If we choose a model for E with g, and g, 
algebraic over Cl!, and write 
L(w) & Q = P * k, 
then the image of P in @*/a* depends only on the multiplication field, as all 
curves with multipliers in k are isogenous over a. 
Let us write u N u if u and ZI are non-zero complex numbers with u/v 
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algebraic. If a is any fractional ideal of k, the curve E = c/P.a has an 
algebraic discriminant. Hence 
PI.2 - haa) (1) 
for all fractional ideals of k. Now observe that the function 
F(a) = A(a) A(K’) 
depends only on the class of a in the ideal class group C(k). Let h be the class 
number of k, w the order of its unit group, and E the quadratic Dirichlet 
character modulo N = / disc k / which is determined by the abelian extension 
k over Q. Then Chowla and Selberg establish the following identity [l]: 
(2) 
Combining this with (1) gives the formula 
(Periods of W) - & JJ r(a/l\r)vr(a)/4h. 
o<a<.v 
(3) 
This formula can also be established using techniques from algebraic 
geometry [4], and Deligne has found a generalization to abelian varieties of 
higher dimension [2]: 
THEOREM 4 (Deligne). If A is an abelian variety over a with complex 
multiplication by an abelian field k C Q(pN), and w is an eigenform for the 
multiplication qf k on Hi(A), then 
(Periods of w) - fl I’(a/NFa) 
O<a<N 
where the m(a) are rational numbers which depend on the CM-type of A. 
Shimura has also obtained general results of this nature [6]. 
Of course, the identity (2) can give sharper results on the periods of elliptic 
integrals than formula (3). Here we will give a reformulation of (2) which 
calculates the periods of l-forms on E around rational cycles in homology 
up to an element of k*. This reveals an interesting connection between the 
complex and p-adic r-functions, and is well suited to generalization. 
Consider the case when k = Q(z/x), so h = I and IV = 2. We can find 
a model over Q for a curve with multiplication by ~1, the ring of integers of k 
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(the non-trivial multipliers are defined over k). Namely, take the modular 
curve X,(49) with equation: 
dx &Z-.--- d = -73 
Y 
One shows that L(w) = P * II with 
P= 
dx 
CO= 
1/x3-35x-% . 
Consequently, 
d(n) = P’“&(w)) = P’“(-73) 
and an application of (2) gives 
Some manipulation yields the exact formula: 
p = w7) r(2/7) n4/7) 
2rri(l/--7) ’ 
(5) 
Now suppose that E is any curve with multiplication by o which is defined 
over k = Q(m). Then E becomes isomorphic to X,(49) over a unique 
quadratic extension k(cA2). If wE is a differential of the first kind on E/k, 
we find 
I “E;d~ 
w/7) r(2/7) r(417) 
2ri 
where the integral is taken over any cycle in the rational homology of E. 
To eliminate the explicit reference to X,(49) in this formula (namely, the 
quantity &12), we can use the zeta-function of E and the p-adic r-function. 
The latter is a continuous function, defined for all rational primes p, 
by the limit formula 
r,(z) = l$(-l>m JJ a 
o<a<m 
(9,a)=l 
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where m approaches zp-adically through positive integers. Koblitz and I have 
shown how the values of r, at rational arguments with denominator N can be 
related to Gauss sums for Q(p,) [5]. 
The L-function associated to H1(XO(49)) is a product 
-q&(49)/k, s) = ux, s) Q, $1 
where x is a Hecke character of k with values in k. The character x3 is the 
restriction to k of a well-known Jacobi sum on Q&L,) [7]; this allows one to 
show: 
xc/d = 
w 17) a2/7) a4/7) 
C-1) 
in kj. 
for all primes/G of k with Nb = p ( p f 7). The L-function of H’(E) is also 
the product of Hecke L-series 
but now xE is the product of x with the Galois character I+!I~ which corresponds 
to the quadratic extension Lz(&~) [3]. Therefore, if/ is a prime of k of degree 1 
where E has good reduction, and Frob(fi) is the corresponding Frobenius 
element in Gal(/@/k): 
(Z/‘i) Frob(/z)-1 = (d\/OL)Frob(‘) = #,(/q _ x,c/;, . 
defn. z/J x(fQ 
Combining this with (6) and (7) gives the identity 
i 
@xi) j  w E 
Frob(/z-1 
!  
(- 1) X&I) 
?-( I /7) r(2/7) I’(417) = r,(l/7) rn(2/7) r,t4/7) m 
which calculates the periods on E up to an element of k* using Galois theory. 
For the general formulation of (8), see Theorem 4.13 of [5]; this theorem can 
also be proved using the geometry of certain Shimura varieties over k. 
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